Abstract Based on the approach of biorthogonal basis, we carry out the quasinormal modes (QNMs) expansions for a class of open systems described by the wave equation with outgoing wave boundary conditions. For such a non-Hermitian system, the eigenfunction perturbation expansions and Green function method, which are based on the orthogonal eigenvectors of the Hermitian Hamiltonian for the closed quantum system, can be generalized in terms of the biorthogonal basis, the two sets of eigenfunctions of H and its adjointness H † . The time-independent perturbation theory for the complex frequencies can be also developed.
Introduction
A class of open systems described by the wave equation with outgoing wave boundary conditions are dissipative because of the leakage of energy to the outside. [1−8] The eigenfunctions of such wave equations can be solved as the known quasinormal modes (QNMs) with the complex frequencies possessing negative imaginary parts. These open system can be described in a manner similar to quantum mechanics; namely, the time evolution is described by a Schrödinger-like equation i∂ t Φ = HΦ where the Hamiltonian H is a non-Hermitian operator. For such a nonHermitian system, the eigenfunction expansions, which for the closed quantum system are based on the orthogonal eigenvectors of the Hermitian Hamiltonian, can be given in terms of the biorthogonal basis, the two sets of eigenfunctions of H and its adjointness H † . On this basis, the generalized Green function for the Schrödinger-like equation can be obtained as a function-valued matrix, which directly leads to the generic Green function representation of solutions for the wave function. The symmetric projection constitute completeness relations based on the orthogonal basis for the conservative case can be replaced by an asymmetry projections based on the biorthogonal basis and it is shown that the analogy is sufficient for many properties familiar from (conservative) quantum mechanics to be transcribed.
In principle, the dynamics of a self-contained physical system in both the classical and quantum cases is governed by a self-adjoint operator and there are sufficient mathematical tools to describe it. However, in practice, the dissipative systems opened for the external environment are usually described by non-self-adjoint operators, in which the mathematical facts are too little known. For example, in general there is no guarantee that eigenfunction expansions for dissipative systems are complete, or that different eigenfunctions are orthogonal. The typical nature of such a class of open system is that the eigenfunctions of wave equations can be solved as the known quasinormal modes (QNMs) with the complex frequencies possessing negative imaginary parts. Mathematically, their leakage of energy to the environment results from an outgoing wave conditions. The QNM analysis has been a powerful tool for investigating open system. [1−8] Despite the wave equation is of second order, the dynamics of these systems can still be written in a manner that retains sufficient analogy with the Schrödinger equation ∂ t Φ = −iHΦ, [9] but the Hamiltonian H ruling it is not Hermitian. The essence of the present paper lies in the recognition that, since the time evolution is as usual described by a non-Hermitian operator, the biorthogonal basis [10−13] provides us a unifying treatment for the QNM problem and then leads to the generalizations of the orthogonality of eigenfunctions and the projection property (or the completeness relation) of the conservative system. Because many standard mathematical tools can now be transcribed from quantum mechanics, e.g., the timeindependent perturbation theory, quantum adiabatic approximation, the Green function, and the path integral for propagator, the analogy goes beyond the formal level, and leads to practical results immediately, e.g., the Green function representations of solutions and even the path integration quantization of the present open system. In fact, perturbation theory allows the shifts in the (complex) calculated in a manner that is both compact and easily interpreted.
In this paper we will develop the Green function approach and the perturbation theory for the wavefunction evolution in the open system by following the results in Ref. [8] . Our results are significant that they present us many computational tools as well as interpretive concepts from conservative systems to open systems. To be selfconsistent, this paper is written with more introductions about the background since most readers might not be much familiar with the quasinormal mode method.
Biorthogonal Basis for Schrödinger-Like Equation
Consider a broad class of linear second-order hyperbolic systems is governed by the wave equation in one dimension
on 0 ≤ x < ∞. For a discontinuous density at x = a, we can understand the system as a composite system formed by the system S in the interval I = (0, a) plus the bath B in the interval (a, ∞). The energy exchange between S and B only happens in the boundary x = a. If S is an open system one must require the outgoing wave condition ρ(x)∂ t φ(x, t) = −∂ x φ(x, t) for x > a. It means the solutions in x > a are forward outgoing wave, i.e., φ(x, t) ∼ exp(iω n x − iω n t) for x > a. The QNMs are defined as the eigenfunctions f n (x) of eigenequation
with complex eigenfrequencies ω n in the boundary conditions f n (x = 0) = 0 and f n (x) ∝ exp(iω n x) for x > a. In this sense, we can expand the general solution for the wave equation as
in terms of these QNMs. Notice that we only focus on the linear dissipation that the imaginary part of all its eigenvalues ω n are less than or equal to zero. [9] With minor changes, the same results for the above wave equation are also applied to the Klein-Gordon equation, which describes the radial problem of linearized gravitational waves escaping from the vicinity of a black hole.
A novel example of QNM is the string problem with the specific density ρ(x) = 1+M δ(x−a). In the string model, this represents a point mass M attached to a string of unit linear density. Segmenting the semi-infinite string into the system S in the interval I = (0, a), coupled to the bath B in the interval (a, ∞); if M is large, the system S is only weakly dissipative. A solution φ(x, t) = u(x) exp(−iωt) for the such wave equation is determined by
with the outgoing wave condition in two different intervals of (0, a) and (a, ∞). For x > a, u(x) = B exp(iωx) and for ∞ > x ≥ 0, u(x) = A sin(ωx). For the "link" of u(x) at x = a, B = A sin(ωa) exp(−iωa), integrating Eq. (3), we obtain M ω = i − coth(ωa). The last equation determines the discrete complex eigenfrequencies and for very small a/M they are approximately obtained in two complex families
for j = 1, 2, . . . , N . The complex eigen-frequencies of the wave equation manifest the typical characters of an open system. In the quantum mechanics, a standard approach for the dynamics of open system is to invoke two sets of wave functions, that is so-called biorthogonal basis.
In order to use it to describe the QNM system, we first rewrite the wave equation (1) in a form of the Schrödinger-like equation
where the pair of two components
t) is function-valued and H is a non-Hermitian operatorvalued matrix
which is called a quasi-Hamiltonian. The relation between the two componentsφ = ρ∂ t φ is automatically given by the Schrödinger-like equation. [4] In this formalism, the boundary condition can be rewritten in a concise form
while the outgoing wave condition Q|Φ = 0 can be given by the null nature of the operator
It is easy to prove that if Q|Ψ = 0 for a given |Ψ , then QH|Ψ = 0. That is to say, the Hamiltonian H maps an outgoing wave into another outgoing wave and thus its definition is reasonable. The above presentation of the classical wave equation even was given for the non-dissipative case without outgoing wave condition, [14] which was a direct generalization of the similar analysis for a generalized oscillator regarding the point (x, p) in phase space as the two component state. [15] In the following discussions we will focus on the null space of the operator Q, which is a subspace W : {∀|ψ ∈ V |Q|ψ = 0} of the total Hilbert space V . Without involving the concrete expressions of the operator and its eigenfunctions, we can sketch some important algebraic properties of H in association with its biorthogonal basis in "a physicists way" without strictly mathematical proofs. More strict proofs can be found in many published literatures, e.g. [9] In the Hilbert space W , the biorthogonal basis consists of the two sets of eigenstates |F n and |G n of nonHermitian Hamiltonian H and its Hermitian-adjointness H † . They satisfy the following eigenvalue equations
respectively. It follows from the conjugate of the second one of above equations,
It is reasonable to suppose that G n |F n = 0 and then
Because the eigen-equation allows us to renormalize its eigenfunctions so that G n |F n equals to a given value for convenience in discussing problems. Then, we get socalled biorthogonal relations
Similarly, we have the conjugate of the above relations
Let W be a space spanned by {|F n } and W * be its dual space spanned by {|G n }. Generally, both W and W * are the subspaces of W . The generic physical problem only focuses on non-exotic cases that these spaces are equivalent, i.e., V ≈ W ≈ V * . Therefore, any vector |Ψ in the physical space W can be expanded in terms of {|F n } or {|G n } as
where the coefficients are determined by the above biorthogonal relations as
With these biorthogonal relations and expansions, the two set of eigenstates |F n and |G n of H and H † constitute so-called biorthogonal basis for the space W.
Substituting them into the expansions of an arbitrarily given vector |Ψ , one immediately gets the completeness relations
Qausinormal-Mode Expansions
We consider the explicit construction of the biorthogonal basis in terms of QNMs. Let
be the eigenvectors of H and its eigenequation H|F n = ω n |F n automatically leads to the two component relation
and the time-independent wave function or eigenequation
This means that the Schrödinger-like equation is completely equivalent to the wave function and the QNMs can be given by the corresponding time-independent Schrödinger equation as its own eigen-functions. The dual version of the problem results in the biorthogonal basis. The dual eigenequation
governed by the adjoint operator
defines the dual basis
which satisfy the component equations
where g n = iω n ρĝ n . According to the conjugate of Eq. (20), we getĝ
by comparing the above equations aboutĝ n (x) and f n (x). Therefore, we get the biorthogonal basis associated with the QNM as the two sets of eigenfunctions
Notice that the bra vector G n | indeed is not an adjointness of the ket vector |F n . The generic normalizations F n |F n = 1 and G n |G n = 1 are not needed for the calculation based on the biorthogonal basis. One only takes the binormalization
into account. We can prove that the two set of eigenfunctions are indeed biorthogonal with each other. Though the arguments in last section have shown this biorthogonality in general, but the following proof is still a reasonable necessity in understanding the features of open system with the outgoing wave condition. According to the above definitions,
can be separated into two integrals, the part
inside the "cavity" and the part
outside the "cavity". It immediately follows from the eigenequations about f n (x) and f m (x) that
where we have used the outgoing wave condition at x = a. Then, if ω n = ω m , we have
Similarly,
So the two surface terms like f m (a), f n (a) in G m |F n cancel with each other and thus G m |F n = 0. Notice that here we have considered the physical requirement for the eigenfunctions, that the imaginary part of all its eigenfrequencies ω n are less than zero and so they vanish at infinity, i.e., f n (x → ∞) = 0. For simplicity, we chose a normalization
for the biorthogonal basis so that
by re-scaling the solutions for the eigenequation [∂
can be expressed as
It is quite natural to expand the solution for the Schrödinger-like equation into
wherec n = (1/2ω n ) G n |Φ(x, 0) . For a given the initial conditions of the wave equation φ(x, t = 0) = φ(x), and ∂ t φ(x, t = 0) = ρ −1 (x)φ(x), the corresponding initial state
In obtaining the above expression only referring to the inside part and the surface terms, the integral is also splitted into an "inside" part on I = [0, a + ], and an "outside" part on (a + , ∞). The former is expressed in terms of f n . The latter can be reduced to the boundary value f n (a)φ(a) by using the outgoing wave conditions, Q|Ψ = 0 and Q|F n = 0. Based on the above discussion, a generalized Inner Product can be defined as
Green Function
The above QNM expansion based on the biorthogonal basis is powerful enough to study the dynamic evolution of the present open systems, but the Green function or the propagators may be very convenient for both practical calculations and the further developments, such as the quantization of QNM system with path integral. On the other hand, the quantum mechanical techniques to prove the Green theorem is presented here as a direct application of this method.
A single-time Green function or propagator G(x, y; t) = x| exp(−iHt)|y (37) can be defined as the matrix element of evolution operator in the coordinate representation. It determines the wave function Ψ(x, t) at any instance t from the initial state Ψ(x, 0) for Ψ(x, t) = x|Ψ(t) = dyG(x, y; t)Ψ(y, 0) .
The above equations hold for both the open system and the close system andG(x, y; t) is a 2 × 2-matrix of functions. Using the biorthogonal completeness relations, we can obtain the QNM representation of Green functioñ
Define an element ofG(x, y; t) as the generic Green function for the wave function
. We can rewriteG(x, y; t) in a concise form in terms of the above definitioñ
, (41) which directly lead to the solution of wave equation
where we have defined the matrix
Though, for the close system with a symmetry under time reversal, the double-time Green functions defined by Ψ(x, t) = x|Ψ(t) = dyG(x, y; t, t )Ψ(y, t ) can be easily obtained by changing the starting point of timẽ G(x, y; t, t ) = x| exp[−iH(t − t )]|y .
However, the time evolution is asymmetry for an open system under time reversal and thus one must be careful to deal with the double-time Green functions.
Perturbation Theory
With the aid of the biorthogonal basis, the QNM expansions of open system is developed to carry over much of the standard formalism similar to that in quantum mechanics. As another example we show the case of timeindependent perturbation theory. Let ρ 0 (x)
, in which µ is a formal small parameter and V (x) is supported in I = [0, a]. For example, this represents an optical cavity subjected to a density perturbation. Then
Then the eigenvalues ω n = ω
n + µω
n + · · ·, the biorthogonal eigenfunctions |F n = |F
(2) n + · · · are given exactly by the standard Rayleigh-Schrödinger theory, e.g., for the first-order shift
We notice that (i) the normalization for the unperturbed eigenfunction can again be chosen as G 
where
m . Provided that the eigenfunctions are complete, similar steps applied to the standard second-order formula lead to 
Higher-order corrections to the eigenvalues and the eigenfunctions can all be written down in this manner. Why can the usual results be transcribed? The standard proof for self-adjoint systems uses the orthogonal basis for projection. Here we use the biorthogonal basis for the analogous projection.
Discussion with Generalization
This paper has stressed that in open systems, one single set of the eigenfunctions cannot correctly discharge tasks describing the dynamic evolution with the eigenfunction expansions. Therefore it is not surprising that one can define two separate sets of eigenfunctions for the Hamiltonian and its adjointness, since a wave equation can be written in manner of analogue to a Schrödinger equation with a non-Hermitian Hamiltonian. With this transcription from the classical wave function to quantum mechanical in form, many known facts developed in quantum mechanics can be used to fulfil our purpose directly. The formalism based thereon them may be relevant for dissipative systems in general. For example, a dissipative oscillator with motion equationq + γq + ω 2 q = 0 can be written as Schrödinger-like equation i∂ t |Φ = H|Φ by defining Ψ| = (q,q) that is a point in the phase space and the non-Hermitian Hamiltonian
The related work in this direction will be reported elsewhere.
